MAT1322 Solution to Final Examination Fall 2012

SOLUTION TO FINAL EXAM

MAT 1322D, Fall 2012
Total = 53 marks

1. (4 marks) Determine whether each of the followimgroper integrals is convergent or
divergent. If it is convergent, find its valuejtiis divergent, use appropriate method to justify
your conclusion:
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Solution Sincex® < X% in the interval [0, 1],

. The improper integral
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2. (4 marks) Find the volume of a solid whose baskegegion on thg-y plane bounded by the
x-axis and the graph of the functig 2(1- x%). The cross sections of the solid perpendicular to
thex-axis are semicircles with diameter on #gplane. Find the volume of this solid.

Solution The area of the cross sectioi\(g) = % 77(1 - X%)?. The volume of the solid is

3 1
V= lﬂjl (1-x*)?dx= 1] x—2—X+£ -8
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3. (4 marks) Find the length of the are %xz —%In X,1l<x<2.
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4. (5 marks) A monument of the shape of a truncatexlilgir cone is built with stone of density
5000 kg / m. The radius of the bottom of the monument is 3amsetthe radius of the top is 1
meter, and the height of the monument is 20 mefRecall that the radius of the cross section at
heighth is 3— h/ 10 meters). Find the work (in Joules) needddttthe stone from the ground
level to build the monument. (Uge= 9.8 m/se®
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Solution A layer of the monument at heighbf thicknesslh weights
dw= &y (3-h/ 10¥dh.
The work needed to lift the stone of this layenirthe ground to heigliitis
dw= &m(3-h/ 10¥hdh

The total work needed is

20, hY 9, 1 R
W= Jgﬂ_[ (3——) hdh=5gr[— H-= R+— H} = 2.94x 10Joule.
o\~ 10 2 5 400 |

5. (4 marks) Suppose that a triangular surface is sudpad into water as shown in the following
figure. The top of the triangle is 2 meters untherwater surface. The height of the triangle is 3
meters, and the length of the top side is 4 mekansl the force acting on this surface.

water surface ¢
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Solution Take a slice of the surface at depth 2 ef thicknessID. The length of this slice is

4(3-D)

approximately = . The force acting on this slice is

dF = 10009 2G=R)C*D) 4y

The total force is

. 40

209 jj(s— D)(2+D)dD = 1800Qy = 17640 Newton.

6. (5 marks) Consider the initial-value probleyh= 2t cogy, y(1) = 77/ 4.
() (3 marks) Solve this initial-value problem.

(i) (2 marks) Use Euler's method with step $ize0.25 to find an approximation gfL.5). (Use
4 digits after the decimal point in your calculafio

dy
cosy

Solution (i) Separating variablesJ' :J' 2tdt . tany =t %+ C. By the initial conditiorC =

0. Theny = arctan €).
(i) to = 1,y(1) =yo = 77/ 4= 0.7854

t; = 0.25,y(1.25)= y; = Yo + h (2to cog yo) = 1.0354.
t, = 0.50,y(1.50)= y, =y; +h (2t; cos y;) = 1.1981.

7. (6 marks) Consider the equatic%?[—/ =y (5-y),¥0) = 2.

() (3 marks) Solve this equation analytically.
(i) (2 mark) Find the limit of the solution whermapproaches infinity.

(i) (2 marks) Sketch the graph of the solutiorttgé initial-value problem. Mark the inflection
point of the graph.

dy _
y(5-y)

Solution (i) Separating variablesJ' I dt. Use partial fraction,
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dy 1(; 1 1 1 |y
== [ =dy+[ ——dy|==In|—| = t+ C.
Iy(5—y) 5Uyyf5—yyj 5 EWj

St
Y =Ke". By the initial conditionK = 2. Hencey = 10 == 10_& :
5- y 3 3+ 2e 2+ 3E

(ii) The limit of the solution is 10/ 2 = 5.

(iif) The graph of the solution looks like the f@ling

AY
5
25
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8. (6 marks) Determine whether each of the followiages is convergent or divergent. Justify
your answer by appropriate test method and statedhdition to use these tests:

-t > 2n-1
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Solution (a) Since the general term is positive, decrggaid continuous, we can the integral
test.

'[Om xe™ dx= lim -+ éX]zZO =lim(L-( 1) &)=1<w, this series is convergent.

Since the series is positive, we may also usedie test:

. . (n+1 1 : . .
lim %a"ﬂ =lim ( é]+)le“ =lim =< 1. By the ratio test, this series converges.
n- oo an Nn- o n n- o e

(b) Since the general term is alternating and desiong, we can use the alternating series test.
Since the general term approaches 0, this ser@migergent.

(c) Since this is a positive series, we can usditiiecomparison test.

Compare this series with the seri%i. We have

=n
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im 2L o i Jn(2n- l)/(n\/_) 2-1in _
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Since Zi is ap-series withp = 1/ 2, it is divergent. Serie$ 22_
= n®+n

is also divergent.

9. (4 marks) Find the radius of convergence andriterval of convergence of the power series

Z(X+5)

Solution The center of the series+5. The radius of convergence is

n+1 +
Iim| G |=Iim IB 3(nn l)I =3. This series is absolutely convergent in theruatie(-8, -2).
n- oo C Nn- co n
Whenx = -8, the series 'SZ (3“ . This is an alternating decreasing series with
n=1 n=1

general term approaching 0. By the alternatlngeseteist, this series is convergent.

Whenx = -2, the series isz ?; = Z—l. It is the harmonic series, which is divergenteTh
o N = n

interval of convergence of this series+8,[-2).
10. (5 marks) Recall that the binomial series is

= k(k=1)(k=2)...(k=n+ 1) , k(e Do, ke D(k 2),

1+x)*= =1+ kx+
( ) ; n! 2! 3!
() (2 marks) Find the Maclaurin series of the fioicy = ! -
1+Xx
(i) (3 marks) Use the fact thatd—ln(x+\/1+ xX2) = 1 [1+ X ): ! to find
dx X148 1+ ) 1+ X

the Maclaurin series of the functigreIn(x++/1+ x*).

You may use or not use the sigma notation. If yonitcduse the sigma notation, give enough
number of terms to demonstrate the answer.
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Solution
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11. (6 marks) Consider the 2-variable functionf (x, y) = %
2x°+y +1

(a) (2 mark) Find the gradient vector of this fuoctat the point (2, 1).

(b) (2 marks) Find the directional derivativezddt point (2, 1) in the direction of the vectos
3i+4j.

(c) (2 marks) Find the equation of the plane tahteethe graph of this function at a point where
X=2,andy =1.

oy + Y +1)- 4x2y Y- 2X y y
(2x% + y* +1)° (2x%+ y*+ 1)

Solution (a)z =

_ X(2X+ Y +1D)-2xy | 2% Xy+ X
S (@YD (24 YL

-6 3 16 4
Whenx=2,y=1,z0= —=-— = — ="
y = 100 50 ° ndz, = 100 25

(c) The unit vector in the directionisu = gi +gj . The directional derivative is

631644623
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(d) Whenx =2, andy =1,z= é The equation of the tangent plane is

3 4 1
z= —(X=-2)+—(y-1D+—=,0or5=-3x+ 8+ 8, X—8y+5W=8.
50( ) 25(y ) - 8y 8y



